restart;
f:=(at+b+b/a);

\

f:a+b+9
a
fa:=diff(f, a):
faa:=diff(f, a, a):
faaa:=diff(f, a,a,a):
fb:=diff(f, b):
fbb:=diff(f, b,b):
fab:=diff(f, a, b):
fabb:=diff(f, a, b,b):
fobb:=diff (f, b,b,b):
faab:=diff(f, a,a,b):
fxfa/a:
simplify(zrho);
(a®> +ba+0b)(a? - )

rho:

vV V. V. V V V V V V V V

rho:

P
rho0:=f*fbb+fb*fb:
thoO:=simplify(rho0) ;

(a+1)2
p0 = 2)

a
rhol:=(fxfab+faxfb)/a:
rhol:=simplify(rhol);

—2ba —2b+ a?
pl=——

rho2:=((f*faa+fa"2)*a-f*fa)/a"3:
rho2:=simplify(rho2);
b(=3ba—4b+a?)

6
a
> g_ij:=rho*a_ij + rhoO*b_i*b_j+rhol*(b_i*y_j+b_j*y_1i)+rho2*y_i*y_j;

p2 = —

3 a’?+ba+b)(a®—=baij (a+1)2bibj
J )@ Ve, (@t
N (—2ba—2b+a®) (biyj+ bjy_i) 3 b(—3ba—4b+a®)y iy

at ab

> epsilon:=rhol/rho2:
> epsilon:=simplify(epsilon);
(—2ba —2b+ a®)a?
b(—3ba—4b+ a?)
> delta:=(rhoO-epsilon”2*rho2)/rho:

€= —




> delta:=simplify(delta);
(a®> —3ba —3b)a3

0= W b)b(=3ba—4b+ ¥

mu:=rho2/rho:
mu:=simplify(mu);

b(—3ba—4b+a®)
a?(a® +ba+0b)(a®—b)
:=1+mu*(a~2+epsilon*b) :

==

e

v:=deltaxb+mu*epsilon*(a~2+epsilon*b) :

> u:=simplify(u);
. a* +ba® + b?
- (a2 +ba+b)(a-D)

> v:=simplify(v);
_ (a®+ba® —b)a?
(a2 +ba+b)(a®-D)

> h_ij:=aa*a_ij+bbxb_ixb_j+cck(b_ixy_j+b_j*y_i)+dd*y_i*y_j:

> aa:=simplify(rho);
(a®> +ba+b)(a® —b)

4

a
> Dbb:=simplify(rhoO-rho~2*v~2/£"2);
_6ba®+4bv?a+8bva+2a* +8ba’ +4b2 +a® +2ba
B a(a®+ba+b)?
> cc:=simplify(rhol-rho~2*v/f"2);

(ba?+4ba+a%+3b)b
a*(a®2+ba+1b)

> dd:=simplify(rho2-rho~2/£72);

—3b%a—3b%+ba®+a*—2ba?
dd = — p;

h_ik:=aaxa_ik+bb*b_i*b_k+ccx(b_i*y_k+b_kxy_i)+dd*y_ix*y_k:
h_jk:=aaxa_jk+bb*b_j*b_k+ccx(b_j*y_k+b_kxy_j)+dd*y_j*y_k:

aaq =

bb :

CC 1= —

tau:=delta/(1+delta*b2):
tau:=simplify(tau);
_ (a®—3ba—3b)a®
C 4?20 —4b2a® +ba® +3b3a+4b% +abb2 —3atb2b—3a3 b2

T



> lambda:=(epsilon-deltaxb)/(1+delta*b2):
> lambda:=simplify(lambda);

a?(=3ba®—b%a—2ba®+2b% + a® + ba* — 3% a?)
C—40%a® —4b2a2 +ba® +30%a+ 403 +aSb2 — 3atb2b—3a® b2
> Y2:=a"2+(lambdatepsilon)*b+lambda*epsilon*b2:
>  eta:=mu/(1+Y2*mu) :

> eta:=simplify(eta);

A=

ni=—(—4b%a® —4b2a®> + ba® +3b3a+ 40> +a% b2 —3a* b2b — 3a® b2 1) /(a?(a®
+2a° b2 +2ba® —ba*+a* b2 +2a*b2b+a*b? —4b%2a® +aPb2b—a’ b20
—-3b%a?2 —-bv*a? - b3a+b?))

> gij:=rho”(-1)*(aij-tauxbi*bj-eta*(yi+lambda*bi)*(yj+lambda*bj));

(a®> —3ba—3b)a® bibj

gij = a*(aij — 71 + %1
0
o a?(=3ba® —b*a—2ba® +2b% +a° +ba* —3b%a?) bi

(yi — )

%1
2(=3ba® —b%a—2ba®+20? 5+ ba* —3b%a?) bj 5

(g — L3 b aJ(;l raroa V)8 a2(a6 + 245 b2

0

+2ba® —ba*+a*b2+2a*b2b+a*b? —4b%a® +a®>b2b—a? b2b— 3b3 a2
—b2a? -b*a+1*))/((a> +ba+0b)(a® —b))
%1 := —4b%a® —4b%a®> +ba® +33a+4b3 +a%02 —3a*b2b—3a%b2b

> De:=simplify(rho”n*(1+delta*b2)*(1+mu*xY¥2)) ;

De :=(a%+2a® b2 +2ba® —ba* +a* b2 +2a*b2b+a*b?> —4b%a® +a® b2b—a® b2 b

(a®> +ba+0b)(a® —b)

—3b%a? — b2 a? — b a+ b3)( . )”/((aQ—b)Q(aQ—i—ba—i—b))

> detg_ij:=Dex*deta_ij;

a

detg_ij = (a5 +2a° b2 +2ba® —ba* +a* b2 +2a*b2b+a*b?> —4b% a3 + a3 b2 b

a®>+ba+b)(a®-b),, y
1 ) deta,Zj/(

—a2b2b—3b3a2—b2a2—b3a+b3)((

(a®> = b)? (a®> + ba +1))
Compute the Cartan torsion C_ijk

a

> C_l:=simplify(a”2*f*faaa-3*a*f*faa+3*a~2+«faxfaa-3*a*fa 2+3*f*fa);

_ _ 3
o1 ::3b( 5ba38b—|—a)
a

> C_2:=simplify(2*a”~3xfaxfab+a”3*f*xfaab-a~2xfa*xfb+a”~3*xfaa*xfb-a 2*f*fab)




Qh 3
o 8b—6ba+a
a

> C_3:=simplify(a”4*f*fabb+2xa”~4*xfb*fab+a~4*xfa*xfbb);
C.8:=-2a(a+1)
> C_4:=simplify(a~5*f*fbbb+3*a~5xfb*fbb) ;
C_4:=0
> C_b:=simplify(a”3*fa~2+a"3*f*faa-a"2*xf*fa);

O5 _b(—3ba—4b+a3)
a

> C_6:=simplify(a”4xfxfab+a~4*xfa*xfb);
C6:=a(—2ba—2b+a?)
C_ijk:=(C_1xy_ixy_j*y_k+C_2%(b_i*y_j*y_k+y_i*b_j*y_k+y_i*y_j*b_k)+C_3

*(y_i*b_j*b_k+b_ixy_j*b_k+b_ixb_j*y_k)+C_4*xb_i*b_j*b_k+C_5*(a_jk*y_i+a
_ikxy_j+a_ij*y_k)+C_6*(a_jk*b_i+a_ik*b_j+a_ij*b_k))/(2xa"5);

VvV V V

3b(=bba—8b+a)yiyjyk
a3
(—8b—6ba+a®)(biyjyk+yibjyk+yiyjbk)
a
—2a(a+1)(y-ibjbk+biyjbk+bibyjyk)
_b(=3ba—4b+d®) (agkyi+aikyj+aijyk)
a

+a(—2ba—2b+a®) (ajk bi + aik b_j + a_ij b_k))/(2a°)

C_igk := (

Compute the mean Cartan torsion

\

I_i:=(Ml*xy_i+M2%b_i)/(2%a"5*rho):

M1:=a"2*C_1+2*xb*C_2+b2*C_3+(n+2) *C_5-tau*xC_1*b~2-2*xtau*C_2*xb*b2-tau*xC
_3%b2"2-tau*C_b*b2-eta*C_1*(a~2+lambda*xb) ~2-2*eta*xC_2* (b+lambda*b2) * (a
~2+lambda*b)-eta*C_3*(b+lambda*b2) "2-2xeta*C_5*(a~2+lambda*b)-eta*C_b*
(a~2+2*x1ambda*b+lambda”~2*b2) -eta*C_6*2* (b+lambda*b2) :

M1:=simplify(M1);

vV V V VYV



M1 = —(8ba" b2 —2ba® b2 +12b%a® b2 + 202 a* b2 +2b%a” b2 + 14b%a® b2
+603a°024+100%a* b2 +2a3 0263 +4aB 020 —2a%0203 —9b%a® — 100% a3
—4a"b?4+2a° b2 —14a*b* —100%a® +2b0%2a® —6b0°a®? —2B%°a — 64 ad
—30PaP+a" B +2a024+a°b—12nb%a® b2 —4Anb?a* b2 +na” b2b

—4nb?a® —6nbPa® +4nb3a* +20nb*a® +4ndb*a® —4na” b2 +2a8bn b2
+2a"nb2b%> —~5a°nb2b% —6a°nb> b2 —11a*nb3> b2 — a®>n b’ b2

+4a?nb3 b2 —4Anb® +7a*nb* +9a3nb® +15a2nb® +anb® +a’nbd
+2a®nb?>+a"nb® —10a°nb> —6a°nb*)/(a(a® +2a® b2 +2ba® — ba*
+a*b2+2a*b2b+a*b? —4b2a® +ab2b—a?b2b—3b%a® —b%2a® —b3a

+b%))

>  M2:=C_2%*a"2+2*C_3*b+C_4*b2+(n+2) *C_6-tau*C_2xb"2-2*xtau*xC_3*b*b2-tau*C
_4xb2"2-2*xtauxC_b*b-3*tau*C_6*b2-eta*C_2*(a"2+lambda*b) ~2-2*eta*C_3* (b
+lambda*b2) * (a~2+1lambda*b) -eta*C_4* (b+lambda*b2) ~2-2*eta*C_b5*lambda* (a

~2+lambda*b)-2*eta*C_6*lambda* (b+lambda*b2)-eta*xC_6%* (a~2+2*bxlambda+la
mbda~2x*b2) :

M2:=simplify(M2);

vV V V VYV

M2 :=(2a*b2b+10a°b2b+8ba® b2 +4b%a® b2 + 6% a* b2 — 66> a® — 4b% a®
—3a"b—8a*b3 —8b%a% —5b3a® +2ba® +a"b? + a® +2a” b2 — 2a® b2 V?
—3nba%b2 —7Tnba® b2 —4nb?a® b2 —6nb*a*b2 —2nba* b2
+2nb2a?b2+2na”b2b—2nb* +na® —3nba” —8nb%a® —3nb>dd®
—5nb3a® +5nbat +6nbtad +11nbda® +8nb*a? —2nbab +2nb?a?
+2nba®+2na®b2+2na®b+na” b2 +na”b?)a/(a’ +2a° b2 +2ba’
—ba*+a*b2+2a*b2b+a*? —4b%a® +a® b2b—a?b2b—3b%a? — V% a?
—bva+b3)

> I_i:=(Ml*y_i+M2%b_i)/(2*a"5*rho):

>

>

I_j:=(Mixy_j+M2*b_j)/(2%a~5*rho):
I_k:=(Ml*xy_k+M2*¥b_k)/(2%a"5*rho) :

C-reducibility

>

CI:=simplify(C_ijk-(h_jk*I_i+h_ik+I_j+h_ij*I_k)/(n+1)):

Compute the coefficients of CI. In general, they are not equal to zero, except
for Randers metric f = a+b and Kropina metric f = a"2/b. You can change f
in the first line to verif this fact.

> D_1:=simplify(diff(CI, y_i, y_j, y_k));



D_1:=-3(11b%a" b2 +16b%>a® b2 + ba® b2 — 53b3a® b2 — 2403 a* b2 — 8aB b2 b
—16b%a% +80%a® +16b°a® — 33b a® + 630° a® +9a” b +2a'° b2 — 81°
+8nb*a® b2 +16nbab b2 +12nb*a* b2 +120%a” b2 — 2063 aS b2

+13b62a8 b2 — 280 a® b2 —51b%a* b2 — 9b* a® b2 +2ba'0 b2 + 1402 b2 b*
—9b%al +18b°a* + 476502 + 9% a+2a't b2 —8b°a® + 2418 a® — 12n b8 a3
—16nb8a?2 +4nb®a® +12nb*a® — 24nb®a* +8a" n b2 b% + 448 n b2 b?
+16a°nb? b2 +4nb® —8a*nb* —24a*nb® +4a®nb?> + 124" n b3

—12a°nb* —4a%2nb*b2)/(2(1+n) (a®> — b)(a® +2a° b2 + 2ba® — ba* + a* b2
+2a*b2b+a*b? —4b%2a® +a®b2b—a?b2b—3b%a® — b2 a® — b a+b%)ad)

> D_2:=simplify(diff(CI, b_i, y_j, y_k));

D_2:=—(=36nb>a® b2 —52nb>a® b2 — 12nb>a'! b2 — 88nb*a” b2 — 150 n b* a® b2
—26nb3a” b2 —46nb%a'® b2 —90nb*a® b2 — 16nb*a® b2 —8nb3al b2
—66nb°a®b2 —116nb°a® b2 —60nb° a* b2 + 24nb° a3 b2 — 38n b a’ b2
—12nb*a* b2 + 1802 a” b2 + 16063 a” b2 + 163 ab b2 + 122 a8 b2
—26ba't b2 +167b%a® b2 +4b*a* b2 —6ba'® b2 + 421b* ab b2

+ 18163 a® b2 — 630200 b2 + 10265 a* b2 — 300° a3 b2 — 4583 a0 b2
—14b%a” b2 +6b%a'2 b2 +63b*a® b2 +335b*a” b2 — 4962 a!! b2
+1566% ab b2 +226b0°a® b2 — 19ba'? b2 + 2463 a® — 2465 a* — 1704 a®

— 13353 +6a"b* +340%a° +2b7a — 2562 alt + 5164 ad + 87 — 73 a0
—219b°a% —3630%a* —8a'?b® — 5247 b° +33a%b* — 325a° b5 — 150067 ¢
—78b7a? — 1063 a't + 2385 a® —4b% a0 — 9785 0% — 10267 a* — 24 4% b7
—8a2b—a'3b2 —-22nb" +6a2bb2 +20%a't b2 —14b%a” b2 + 360°a” b2
—26a2b20° +134nb%a® +12nb%a? +48nb°a® —24nb"a —8na'?b?
—24na'b? —24na'0 +10na® b3 +22nb*a® +2nb*a” —2nb*a?
—10nball —10nb°a” +10nb°a® —2nb°a® —4nbd*a'® + 1121 b8 a®
+230nb%a* +96nb" a* +162nb7ad +82nb" a? 4+ 6nbda® — 8nb*ab
+22nb%a* —6nb°a” +18nb"a® +22nb°a? b2 —4na'2b2b—12nb°a” b2
+2a™b2-2aBb—4nb?a'® —4a¥nb2®> —2na'3b—6na'?b
—14arbn b2 —6a'%bnb2)/(2a5 (1 +n) (a®> = b)(a® +2a° b2 +2ba® — bat
+a*b24+2a*b2b+a*b? —4b%aP +aPb2b—a?b2b—3b%a® —b2a?2 —b3a
+b%)(a®* +ba+b)?)

> D_3:=simplify(diff(CI, y_i, b_j, b_k));



D_3:=—(126nb%a’ b2 + 191nb>a® b2 + 16 nb? a'! b2 + 374nb* a” b2
+226nb%*ab b2 +95nb%a” b2 +33nb%a'® b2 +30nb*ad b2 +232nb*ad b2
+6nb3a0b2 +202nb%ab b2 +120nb°a® b2 — 12nb°a* b2 — 38nb° a® b2
+12nb% a8 b2 4+ 24nb%a’ b2 — 10nb*a* b2 —60b% a” b2 — 16663 a” b2
—18b%a%b2 —6b2a® b2 — 10ba'! b2 — 70b* a® b2 + 10b* a* b2 — 3806 a® b2
— 40603 a® b2 — 12262 a'° b2 — 8% a* b2 + 425° a3 b2 — 160 a0 b2
— 40603 a® b2 — 1262 a2 b2 — 458b* a® b2 — 632b% a7 b2 — 8202 all b2
—2580°a% b2 — 1720°a® b2 —16ba'2 b2 +6b*ab — 602 a® + 6% a* — 6% a'”
—2b5a% +126b°a° +38b5a +96a"b* +5b%a® — 607 a — 6% all +234b%a®
—2b7 +12b% a0 + 434 6% a8 + 23065 a* + 4 a2 b? + 57707 b° + 180 a° b*
+470a® b5 + 6807 a3 + 1007 a? — 7Tb% all +3220° a® + 26 b* a0 4 434 55 ¢F
+11007 a* +8b%a'® —4a'? 0% +8a'* b+ 180a” b + 56 a” b° + T4 a® b7
—10b*a't +2665a® — 40°a'® + 1867 a® +2a'2 b+ 10nb" —4a2 b b2
— 1203t b2 — 130b%a® b2 — 158b° a7 b2 + 14a” b2 1° — 4b* a0 b2
—360°a® b2 —50nb0ad +10nb%a? — 163nb°a® +38nb" a + 4nal?b?
+2natb? +8natb+34na® b +40na’ b3 + 97nb*a® — 10nb*d”
+134nb*a® —Tnbdall —71nb®a” — 2791 b° ab + 128 n b a® + 26 n bt a0
—312nb5a% —544nb%a® — 332n b8 a* — 282nb" a* — 1681 b" a® + 2nb" a?
+10nb3a® —14nb*a® —22nb%a* +8na'3b?> —4na'? b3 + 56 nb° a®
—10nbtal —14nbSa” +26nb%a® —4nb®al® —42nb" 4% — 18207 a®
+28nb°a® b2 —8nb*al® b2 —10nb°a? b2 +4na'?b2b6% +12na'®b2b
+24na'2b2b—12nb3a'l b2 +36nb*a” b2 + 126 nb°a” b2 + 2a'* + 24al°
+9aBb4+2nb2a® +4a¥n b2 +9na'®b+2na'?2b+15a't bn b2
+2a%bnb2 +2a¥n+4a*b2n+6a302n+2a'2b2n+2a'n)/(2a*
(a2 +ba+b)(a®+2a°b2+2ba® —ba* +a* b2 +2a*b2b+a*b? — 42 a®
+a®b2b—a?b2b—3b3a% —b2a? —b3a+03)(a? —-b)(1+n))

> D_4:=simplify(diff(CI, b_i, b_j, b_k));



D_f :=—-3(2ba" b2 +2b%a® b2 +122b%a” b2 + 32b% a® b2 + 44 ba® b2 + 56 b3 a® b2
—80%a* b2 —4a3 b2 +18a® 020 —8a*b* — 1603 ab — 1202 a® — T20% a®
—168°a® —92a" 2 +2a'902 —2nb%a® b2 —2na” b2b+8nb3a’ b2
—20nb3a® b2 —16nb*a” b2 —56nb*ab b2 — 112nb%a” b2 + 20 b? al® b2
—64nb*a® b2 —132nb%a® b2 + 10nb%a® b2 — 16nb* a* b2 + 6452 a° b2
+17263a7 b2 + 176 1% a® b2 + 156 b2 a® b2 + 64 b* a® b2 + 16 b* a* b2
—16b%a® b2 +28ba'% b2 + 561 a® b2 + 5663 a® b2 — 8a? b2 b* + 16b* a” b2
—178b%ab — 13563 a8 —64b°a* — 96200 — a0 b+ 4a't b2 — 3602 a”
—1008°a® —172a" b* — 4663 a® + 18b% !l — 54 b* a® + a'? + 1463 o'
—720%a% —20a" b +4a°b* +4a ' b+ 1002 b+ 6nb% a® +2nbtad
—2na"b? +88nbSad +24nb%a? +160nb°a® + 18na'l b2 + 14n a0 b3
—46na”b —54nb*a® —T0nb*a” +4nb*a® —20nb°a” + 160 b° ab
+24nb%a® +80nbfa* —99nb?a® +70nb*a’ +192nb°a* —9adbn b2
—T76a"nb2b% —26a°nb2b% —44a°nb3 b2 +8a*nb3 b2 +4a®nbd b2
—8nbS +42a* nb* +64a3nb® —8a*nb® —4anb® —2a°nb—21a8nb?
—29a"nb? +17a°nb® +122a° nb* +2a"® —9nb?a'® — 6248 n b2 b2
—42nb%a® +8a’nb* b2 +10na?b+16a bn b2 +18a%bn b2 +4a't bn
—5a%n+4a2b2n+2aBn+a2?n—-16nb%a—5abn b2 +16nb* a3 b2
+4at b2n+a®b2n)/(2a(a® +ba+b)3(a® +2a® b2 +2ba’ —ba* +a* b2
+2a*b2b+a*b? —4b?a® + a2 b2b—a?b2b—3b%a® —b2a® — b a+ b3)
(a? =) (1+n))

> D_b:=simplify(diff(CI, a_jk, y_1i));

D.5:=(2a°b2+2a%b2 +2a%02b+7ba” b2 +19b%a® b2 + 4% ab — 2ba’ b2
+24b62a° b2 +12b%a® b2 — 3b%a® + 6b%a* b2 + 21 0% a* b2 — 21 a* b*
—4a*b® —30b*a® +3a®b2b% —12b°a® — 6a? b2 > — 21b° a® — 4b* a?
—3b°a+4b°)/(2a° (1 +n)(a® +2a° b2 +2ba® —ba* +a* b2 +2a* b2b
+atb? —4b2a® +a®b2b—a?b2b—3b3a® — b2 a® —b3a+b?))

> D_6:=simplify(diff(CI, a_jk, b_i));

D_6:=(2a®b2 +2ba" b2 —a" b2 —2ba® —11ba b2 — 17a° b2b — 8b*a® b2

+30%a® —4a*b2b+13a* b — 1207 a* b2 + 2a* b + 60 a® + 150 a®

+8b*a? +4a?b2b* +2b%a% - 2b)/(2a* (1 +n)(a® +2a® b2 +2ba® — ba*

+a*b2 +2a* b2b+a*b? —4b%a® +a®b2b—a?b2b—3b3a%? —b2a® —b3a

+ b))

The spray coefficuents G"i of F is related to the spray coefficients bar{G} i
of alpha by

G'i=Dbar{G}'i+Py'i+ Qi

P =Xi* s.0 4+ Theta * r_00

Q1=Qs"i0+ (Phi*s 0+ Psi*r00)*bi



Xi:=-eta*lambda*a*fb/fa:

Theta:=(fab+faxfb/f-eta*lambda* (fabxb+fbb*b2*a))/(2*xfa) :
Q:=axfb/fa:

Phi:=-(tau+eta*xlambda~2)*fb*a/fa:

vV V. V V V

Psil:=(fbb*a-(tau+eta*lambda~2) * (fab*xb+fbb*b2*a))/(2*fa) :

> Xi:=simplify(Xi);

—_
=

E:=—a?(=3ba® - b*a—2ba®+2b>+a® +ba* —3b%a?) (a+1)/((a® +2a’ b2
+2ba® —ba*+a* b2 +2a* b2b+a*b? —4b%a® + a3 b2b— a® b2b — 353 a?
—b?a? —b*a+b%)(a® - b))

> Theta:=simplify(Theta);

O:=a(-2a®b2b—Ta*b2b+2ba%b2 —3a®b2b—4b%a* b2 —6a3b20% +2b%a
—2ba® —5a*b?+5b%a%> —2bal +4b*a+b* —6b%a® —4a* b + 30 a?
+2a"b+b%a®+2a" b2 +a® +a%02 +2ab2b?)/(2(a® +ba+b)(a® +2a° b2
+2ba® —ba* +a*b2 +2a* b2b+a*b? —4b%a® +a®b2b —a® b2b — 313 a?
—b%2a? —b2a+b3)(a® - b))

> Q:=simplify(Q);
a®(a+1)

az—b

Q=
> Phi:=simplify(Phi);

®:=—(a+1)(2a®>+2ba®>+a®>+ba—0b)a*/((a® +2a° b2 +2ba’® —ba* + a* b2
+2a*b2b+a*b? —4bv?a® +a®b2b—a?b2b—3b%a® —bv?a® — b a + b3)
(a® = b))

> Psil:=simplify(Psil);

Ul:=b(2a®>+2ba®>+a®>+ba—b)a?/(2(a® —b)(a®+2a’® b2 +2ba® — ba* + a* b2
+2a*b2b+a*b? —4b%a® +a*b2b—a?b2b—3b3a% — b2 a? - b3a+ 1))



